Abstract-The Poisson's equation is an essential entity of applied mathematics for modelling many phenomena of importance. They include the theory of gravitation, electromagnetism, fluid flows and geometric design. In this regard, finding efficient solution methods for the Poisson's equation is a significant problem that requires addressing. In this paper, we show how it is possible to generate approximate solutions of the Poisson's equation subject to various boundary conditions. We make use of the discrete finite difference operator, which, in many ways, is similar to the standard finite difference method for numerically solving partial differential equations. Our approach is based upon the Laplacian averaging operator which, as we show, can be elegantly applied over many folds in a computationally efficient manner to obtain a close approximation to the solution of the equation at hand. We compare our method by way of examples with the solutions arising from the analytic variants as well as the numerical variants of the Poisson's equation subject to a given set of boundary conditions. Thus, we show that our method, though simple to implement yet computationally very efficient, is powerful enough to generate approximate solutions of the Poisson's equation.
I. INTRODUCTION The Poisson's equation is represented as ∇
2 ϕ = −f , where ∇ is the standard elliptic Laplacian operator, ϕ and f are real valued functions on a manifold. In this case, given f , ϕ is usually sought subject to a certain set of boundary conditions. This equation is due to the French mathematician, S. D. Poisson and is widely applicable to practical problems in engineering and physics. Examples include, modelling gravitational and electrostatic fields [5] , surface reconstruction [10] , image processing [12] as well as other applications in geometric design [6] , [1] , [15] , [13] , [19] , [4] .
For instance, the problem of surface reconstruction seeks a continuous function ϕ which can adequately interpolate a set of discrete points p i where the function sought provides both the surface as well as normal information. Poisson's equation in this instance can be utilised to obtain a solution to this problem [10] . Similarly, variants of the Poisson's equation can be utilised for geometric modelling where efficient ways of creating and manipulating geometry that represent complex objects are sought after [15] .
Due to their immense applicability in engineering, physics and science in general, formulation of partial differential equations (PDEs) and their solutions date back well over 300 years. Much credit must go to the mathematicians such as Euler, Leibniz, Hermann and Newton whose contributions to the field are highly notable. Thus, as mentioned earlier, given the practical applicability of the Poisson's equation, efficient solution mechanisms to this equation is highly sought after even to date.
Many techniques for finding the solution of PDEs have been proposed. These include analytic methods such as the separation of variables, Green's function, Fourier analysis [2] and many notable numerical schemes such as the finite element method (FEM) [9] , the finite difference method (FDM) [9] , [14] and the finite volume method (FVM) [3] . Of these numerical methods, the FDM is particularly interesting for its elegant formulation and ease of implementation.
Just like other numerical methods for solving PDEs, the FDM consists of partitioning the domain of computation into smaller grids to approximate the differential operator concerned. The operator can usually be approximated using the corresponding differential quotients. In the case of the FDM, the solution hinges on the approximation power of the Taylor series which can usually approximate the function satisfying the relevant PDE difference operator. The accuracy of the given FDM scheme can be computed by comparing the difference between the exact solution for the differential operator and the numerical solution using the difference operator. Aside from the solution being approximate, one major drawback with numerical schemes for solving PDEs is that the computation often involves large matrix manipulations which can be computationally intensive.
Our aim in this work is to develop a solution scheme, 978-1-5386-9141-0/18/$31.00 c 2018 IEEE specifically for the Poisson's equation, using the idea behind the FDM. The fundamental difference in what we are proposing here, however, is that we use the discrete finite difference mask to iteratively approximate the domain of solution. Thus, our method is computationally very efficient and computations in our case are linear averaging over the computational domain and is free from complex matrix operations. The fundamental idea behind this solution scheme is based on the fact that the Laplacian operator essentially signifies an averaging process. This is due to the very definition of the Laplacian operator and we take advantage of this to formulate a simple yet elegant way of obtaining a satisfactory approximate solution of the Poisson's equation subject to the given set of boundary conditions. The rest of this paper is structured as follows. In Section II, we discuss our methodology in detail. We show the idea of FDM can be used to implement multiresolution discrete masks which can be applied continuously to approximate the Poisson's operator in the solution space. In Section III, we discuss how we can implement a solution scheme and provide details of our algorithm. In Section IV, we discuss some relevant examples to demonstrate the computational accuracy as well as the ease at which our solution scheme can be implemented. Finally, in Section V, we conclude this paper and present possible future directions in which this study can be taken forward.
II. METHODOLOGY
As discussed earlier, there exist a vast number of techniques for solving elliptic PDEs such as the Poisson equation [7] , [11] . Of those methods, the FDM is one of the compact methods and hence is a popular solution scheme. For this very reason, we hinge our method on this technique, and we implement our solution scheme to simplify the solution process further.
To discuss our methodology in detail, we take the elliptic PDE of the form,
in the bounded domain Ω = [0, 1] ⊂ . The above PDE is nothing but the 2-dimensional form of the Poisson's equation in the standard Euclidean space with the source term f (x, y).
We can now take the associated Laplacian operator such that,
The first step in deriving a finite difference approximation of the Equation (1) is to partition the unit interval into a finite number of discretely smaller intervals. Thus, it is important to highlight the fact that the numerical solution, in this case, is not defined on the whole domain but at a finite number of points in Ω [7] , [17] .
We introduce the equally distributed grid points in each of the domain directions such that ϕ i is 0 ≤ i ≤ M + 1 and ϕ j is 0 ≤ n ≤ N + 1. Here ϕ i = ih while ϕ j = jk with integer spacing h is given by h = 1/(M + 1) and k is given by k = 1/(N + 1). Thus, at each of the grid points we are looking for a numerical value ϕ ij where ϕ 0 = α and ϕ 1 = β are imposed at the boundaries of Ω.
Using the above formulation, we can write the discrete PDE operator for the Laplacian (2) such that,
where u i,j is the operator parameter for (i, j) node points and h and k are the spatial discretisations. For simplicity, we take equal spacing across both directions of the domain to have,
For further details of this difference operator, the reader is referred to [14] . Now, from the format of the Equation (4), and as shown in Figure 1 , one can see that the form of u is actually the mean of its four neighbour points from the north, west, south and the east. Thus, the discrete Laplacian operator can be approximated by considering the standard averaging of the neighbouring values. It is this idea that we extend further in order to formulate our proposed approximate solution.
Considering the above discussions, we propose to consider the finite difference scheme in (4) as the mask which can be applied as a linear sequence of operative iterations to formulate the approximate solution.
One thought which might arise to the mind of a curious reader might be to understand the behaviour of the approximate solution for the given finite difference scheme in (4) while applying a linear sequence of iterations over the solution domain. In other words, can one write some form of a priori estimates on the stability as well as the boundedness of the approximate solution? i.e. does the consistent scheme we have proposed here successfully approximate the discrete problem. Here, we try to demonstrate this indeed is the case.
Theorem.
is a continuous approximation of the second derivative u of u at a point x.
Proof. We assume there exist a constant C > 0 such that,
Using Taylor series expansion up to 4th order we obtain,
and,
By using the intermediate value theorem, we can express,
Hence, given y ∈ [x − h 0 , x + h 0 ], we can deduce that C = sup |u (y)| 12
.
III. DISCRETE FINITE DIFFERENCE MASKS
In this section, we show the above method can be utilised to formulate an algorithm which can produce approximate solutions of the Poisson's equation subject to a given set of boundary conditions. The idea behind is to utilise the mask given in Equation (4) to successively produce an approximate solution of the chosen PDE. Thus, given four discrete points each in the direction of north, west, south and east with respect to the boundaries, we can utilise the simple averaging to produce a new point in the solution domain. Figure 2 further illustrates this idea, where the central point shown in the domain is obtained by applying the Laplacian operatorwhich essentially the average of the four neighbouring points as shown. Further, we note that the values on boundaries are known [7] .
Starting from the above formulation, we can now add further approximate solution points into the domain by repeating the application of the Laplacian mask on the finer grid generated from the previous iteration. Figure 3 illustrates this procedure. 
IV. EXAMPLES
The discussions in this section focus on how the above described methodology can be validated by way of examples. In particular, we take two examples whereby in each case we have compared our proposed method with the exact solution as well as the standard finite difference numerical method. We show the variation in the error rates as well as the computational efficiencies in each case. Example 1. In our first example, we take a linear 2-dimensional Poisson problem with the source term, 6xy(1 − y) − 2x
3 . This problem also has the exact solution u(x, y) = y(1 − y)x 3 on the unit square with the dirichlet boundary conditions, u(0, y) = 0, u(x, 0) = 0, u(1, y) = y(1 − y), u(x, 1) = 0. Now we solve this problem using the standard finite difference numerical method to try and verify the results against our proposed method. Some typical results are shown in Tables I and II based on the experiments. Figures 6, 7 and 8 show the solution plots for exact, numerical solution using the FDM and our proposed solution respectively. Example 2. As a second example we use the Poisson's problem with source term f = 34π 2 sin(5πx)sin(3πy). Again, the exact solution for this problem is known to be u = sin(5πx)sin(3πy) on the unit square with the homogeneous dirichlet boundary conditions, Again, we solve this problem using the standard finite difference numerical method to try and verify the results against our proposed method. Some typical results are shown in Tables III and IV based on the experiments. Figures 9, 10 and 11 show the solution plots for exact, numerical solution using the FDM and our proposed solution respectively. Note, for both the examples discussed above we have performed the computation using Matlab on a standard Windows PC.
Looking at the results from both examples, it can be seen that our proposed method approximates the solution of the Poisson's adequately. Though in the first example the error rate is lower, we can see the error for our method is relatively high in the second example. It is noteworthy, the solution in the second case is noisy with lots of peaks and the averaging method as discussed here is likely to be less accurate in such cases. Nevertheless the solution from our method for example 2 can still be acceptable for situations such as those arising in geometric design. Therefore, we believe there is much merit in our proposed solution scheme, especially given that the implementation of this solution is relatively straightforward and comparatively speaking it is computationally very lightweight. 
V. CONCLUSION
In this paper, we have discussed a fast approximate solution method for the Poisson's equation subject to various boundary conditions. The solution technique we have discussed here makes use of the discrete finite difference Laplacian operator arising from the finite difference numerical solutions of PDEs. We have shown the existence as well as the stability of the discrete Laplacian operator for the approximate solution method we discuss here. We have discussed examples which validate both the accuracy as well as the computational efficiency of our method. The results indicate our method has merit, especially where pseudo approximate solutions are called for. We note this might be very applicable in real time geometric design scenarios, for example.
The work discussed here is preliminary in our opinion. Hence there is much room for improvement. For example, we have taken the standard Laplacian masks and applied them iteratively in a linear form in the solution space. It would be interesting to introduce dynamic and non-linear parameters into the Laplacian operator to locally adjust the solution as the iterations progress. For example, for the problem discussed in Example 2, this could be very applicable. A further line of research would be to look into adopting the method presented to find approximate solutions of higher order elliptic PDEs such as the Biharmonic equation [18] , [8] , [16] .
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